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Abstract
Introduction: There are some ways to examine heat transfer in tumor tissue, which is an important 
issue in bioengineering. One of these ways uses the bioheat equation, proposed by Pennes, in a 
continuous medium. Another one uses a porous medium to model heat transfer in living tissues. 
The objective of this paper was to study an approach to modelling the temperature distribution and 
tumour ablation in brain tissue and compare results to Pennes’ approach.
Methods: This approach presents and uses a porous medium as the tissue instead of a continuous 
medium. In addition, the two approaches (simulation in continuous and porous medium) are 
compared in terms of temperature simulation and amount of cell ablation. The density, heat 
conduction factor, and blood perfusion rate are considered functions of temperature. 
Results: In these approaches, after an 85-second treatment, the temperature increases to about 90°C. 
The temperature increase of the porous medium is relatively the same as that of the continuous 
medium and for this reason, the amount of cancerous cells that are ablated in a porous medium 
is approximately the same as that in a continuous medium. The volume of cell ablation is about 
6500 mm3 for two ideas. In addition, the degree of damage, computed from the Arrhenius integral 
method, and the ablated volume of the tumour endorse equality at the end of treatment. According 
to the results, similar to the continuous approach, the porous approach predicts the temperature and 
amount of volume of damaged cells. 
Conclusion: Therefore, it is possible to use the porous approach instead of the Pennes approach for 
tumour treatment.
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Introduction
Research on heat transfer in living tissue is an important 
issue that has been studied recently. In 1948, Pennes1 
presented a relatively acceptable equation, named Pennes 
bioheat equation.2 After that, many researchers used 
his equation to simulate heat transfer in living tissues.3 
Pennes introduced an equation by adding a simple scalar 
source term to the heat transfer equation in solids. This 
term, named Pennes term, includes the tissue and blood 
temperatures, blood density and blood perfusion rate in 
the tissue. Pennes assumed this heat transfer mechanism 
from blood to tissue. This simplification is one of the main 
reasons why other researchers used Pennes’ theory for 
modelling heat transfer in living tissues for decades.4-6 He 
assumed heat transfer occurs only between arteriole and 
tissue and ignored the effects of the vein-artery network 
and blood velocity change in the artery. However, some 
researchers proposed other heat source terms. Wulff and 
Klinger7,8 added a vector source term to the heat transfer 
equation, assuming that heat transferred from artery 
to tissue along the artery instead of arteriole to tissue. 
Some researchers studied the heat transfer mechanism 

between tissues and arteries and also between arterioles 
and veins.9-11 In their studies, the medium is assumed 
continuous. Besides, there is another idea to model living 
tissue as a porous medium. Some researchers used the 
porous medium to model clinical or medical phenomena 
such as medical imaging, tissue replacement production, 
and drug delivery.12 They modeled brain tissue as a 
porous medium throughout their studies. Some others 
used the porous medium idea to model brain tissue 
as a complex aggregate, including two viscous pore 
liquids, the interstitial fluid and the blood,13 to simulate 
multi-component brain tissue numerically in 2D and 
3D models.14,15 Chen presents a brief review of tumor 
treatment.16 Riviere-Cazaux et al and Melnick et al studied 
the effect of laser treatment on primary brain tumors and 
metastases.17,18 Rogers et al studied brain tumor treatment 
by tracing cancerous tissue ablation by magnetic 
resonance imaging (MRI) technology.19 Moreover, a laser 
has been used as an energy source to remove hair from 
the skin. Some researchers studied this field of science.20,21 
They examined the thermal damage of a laser in different 
skin types, hair colours, and hair densities. Also, they 
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optimized spot sizes and pulse durations by simulating 
the distribution and thermal damage patterns of the laser. 

In this article, the effects of the vein-artery network 
and blood velocity change in arteries on heat transfer 
in the tumour and brain were evaluated by solving the 
momentum equation in the tissues. This study was 
an attempt to model brain tumor ablation by using a 
porous medium idea to determine the results of this 
simulation in comparison with Pennes’ approach. The 
arterioles are assumed to be a porous zone, and the 
remaining parts are assumed to be a matrix zone in the 
porous medium approach. The walls of arterioles are the 
boundaries between porous and matrix zones, and heat 
and mass transfer are modeled by equations diffused 
through this wall. One of the techniques, used to treat 
brain tumours in medical sciences, is heating tumor 
tissue with a source of a laser. Laser-induced interstitial 
thermotherapy is one of the most famous techniques 
in this regard.22 This treatment involves the ablation of 
cancerous tissues through optic fibres, in which a laser is 
conducted. The volume of destroyed tissue depends on 
the absorbed energy and physical and optical properties 
of the tumour. The photon transportation equation is 
solved numerically in order to obtain absorbed energy. 
Then, the transient Pennes equation in the continuous 
medium and momentum and the heat transfer equations 
in the porous medium are solved in order to obtain the 
temperature distribution of the domains. Usually, cells 
that have experienced temperatures up to 60°C are dead, 
and the volume of coagulated tissues will be calculated by 
the Arrhenius integral method. 

Methods
Equations
Some studies use and present the Monte Carlo method to 
simulate laser-skin tissue interaction,23 but in this study, 
first, the transport equation of the photon is solved.24 
Then, the distribution of laser intensity is computed in two 
domains. This equation, which is an integro-differential 
equation, is solved by a discrete ordinate method to gain 
photon distribution (intensity distribution of laser I, in 
position r and direction Ω) in the tissue. 
The diffusion approximation method is used to evaluate 
the interaction between light and tissue.

( ) ( )( ) ( )1/ . . . / . . . .C I r t f t I r t f∂ Ω ∂ + Ω∇ Ω

( ) ( ) ( ) ( ) ( ) ( ). . . . . . . .' . . . .'t sr f I r t f r f I r t f d I r t fµ µ= − Ω + ∫Ρ ΩΩ −Ω ΩΩ

              (1)

Where, C, t, μt, μs, and f are light speed in the tissue, 
time, attenuation coefficient, scattering coefficient, and 
frequency, respectively.16 The change of intensity in the 
tissue is modelled by two left terms. The amount of light, 
absorbed or scattered by the tissue, is presented by the 
first term on the right-hand side of the equation. The 

second term on the right-hand side states the amount of 
light, which is scattered from another direction (such as 
Ω’) into the Ω direction. The last term is a source term 
such as fluorescence. The amount of energy, absorbed by 
the tissue, is a function of absorption coefficient μa and 
the summation of light intensity, received by the tissue 
from all directions. Equation (2) is used to compute the 
absorbed density of energy per unit volume of tissue:

( ) ( ). . .l aQ r I r t f dµ= ∫ Ω Ω                                                    (2)

By integrating, the energy density is obtained in the 
whole tissue. The Brinkman equation (Eq. 3) is solved 
in a porous medium in order to compute the velocity 
field. Then, heat transfer equations (4) and (5) in both 
continuous and porous media are solved, respectively.

Finally, the temperature distribution in the tissue will 
be obtained. 
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where u, p, ρ, μ, ε, and κ are the fluid velocity vector, 
pressure, fluid density, fluid viscosity, porosity, and 
permeability tensor of the porous medium, respectively.
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where Ql is the density of energy produced by the laser 
in tissue. Qm is the metabolic source of energy, which is 
considered zero in comparison with other source terms. 
ω is the blood perfusion rate in the brain, and the b 
index refers to blood. keff and ( )p effCρ  defined as effective 
properties in a porous medium are as follows:

( ) ( ), ,( ) 1 1p eff f p f s p s eff f sC C C and k k kρ ερ ε ρ ε ε= + − = + −   (6)

Where ε is porosity, and eff, f, and s indexes refer to 
the effective, fluid, and solid matrix of a porous medium, 
respectively. 

Another parameter that could show the amount of 
cell ablation is the degree of damage, according to the 
Arrhenius integral method (Eq. 7).25 This parameter is 
defined as a function of cell concentration in initial time to 
ablated cell concentration after time τ in a definite tissue. 
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                                      (7)

A and Ea are the frequency factor and activation energy 
for any tissue, R is the universal gas constant, T(t) is 
the temperature of the tissue, C(0) and C(τ) are the 
concentration of undamaged cells in the first and final 
time of treatment, τ.
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Model
Geometry includes a 3D ellipsoid tumour, 20 mm 
diameters, and 40 mm height, and it is located in an 
axisymmetric cylinder with a 20 mm radius and 60 
mm height as brain tissue (Figure 1). The properties of 
tumours, brain tissues, and blood are presented in Table 1. 
There is not any light transportation on the boundaries, 
except the border of the applicator, which is shown in 
equation (8). Since the penetration depth of the laser is 
small and limited to a narrow region near the applicator, 
it is a reasonable assumption (Table 1)(Figure 1). 
The boundary conditions are as bellow in equation (1):

( ) ( )( )2 2

50
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0
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π


= − × − < <
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  (8)

For transient heat transfer equations (Eqs. 4 and 5) in 
both continuous and porous approaches, the temperature 
was fixed at 37°C for all boundaries, except on the tumour-
applicator contact border, which is set as heat flux from 
the model, equal to -15000 W/m2. Initial conditions are 
also assumed to be 37°C in the two approaches. 

The density and heat conductivity factor of the brain 
and tumour depends on temperature as follows32 :

( ) ( )( )37 1 .00025 37k T k T= × + −                                             (9)

( ) ( )( )37 1 .00025 37T Tρ ρ= × + −                                            (10)

Where k37 and ρ37 are the properties of the brain and 
tumour at 37°C. The Blood perfusion rate is a variable of 
degree of damage and it is considered in this study.32

( )( )( )1 expdynamic nature denatured natureω ω ω ω= + − −Ω −            (11)

Where ωnature is the blood perfusion rate in normal 
conditions and Ω is the degree of damage, which is a 
function of temperature, and ωdenatured is zero. 

Solution Method
The photon transport equation (Eq. 1) is solved in order 
to evaluate the laser distribution of the whole tumour 
tissue. The intensity of energy is computed by integrating 
equation (2) around the spatial angle, used as a source 
term Ql in equations 4 and 5. The velocity field of fluid in 
the porous medium computed by equation (3) is used in 
equation (5). Therefore, the temperature distribution in the 
whole domain is obtained by solving equations (4) and (5).

Results 
The distribution of laser intensity in the domain is obtained 
by solving equation (1), as shown in Figure 2. The intensity 
of the laser, distributed in the tissue or penetrated to the 
tissue, depends on the active length of the applicator. The 
amount of penetration of light in the tissues depends 
inversely on the absorption and scattering coefficients of 
tissues. Whereas these coefficients are large for a brain, 
the depth of laser penetration is limited to a very narrow 
region near the boundaries. As presented in the figure, 
the affected zone of the laser is limited to nearer regions 
to the applicator, and then heat transfer mechanisms 

Figure 1. Model of a Brain Tissue and a Tumour

Table 1. Properties of Brain and Tumour Tissues and Blood26-31

Property Tissue Value Unit Ref.

ρ Brain 1050 kg/m3 23

k Brain 0.528 W/m.K 23

Cp Brain 3.68 kJ/kg.K 24

μa Brain 40 1/m 24

μs Brain 11000 1/m 24

ω Brain 0.00477 l/s 25

ρ Tumour 1040 kg/m3 23

k Tumour 0.503 W/m.K 26

Cp Tumour 3.59 kJ/kg.K 24

μa Tumour 50 1/m 24

μs Tumour 6700 1/m 24

ω Tumour 0.001 1/s 25

ρ Blood 1050 kg/m3 26

Cp Blood 3.64 kJ/kg.K 26

ε Brain 0.02 - 27

ε Tumour 0.02 - 27

A Tumour & Brain 3.1e98 1/s 28

Ea Tumour & Brain 6.28e5 J/mol 28 Figure 2. Incident Intensity of the Laser (W/m2)
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transfer energy to other points of the domain. 
It is necessary to solve equations (4) and (5) to 

evaluate the temperature distribution. The heated zone, 
affected by laser irradiation, is shown in Figure 3. The 
energy of the laser transfers to the whole domains by 
some mechanisms, such as conduction and convection. 
In order to show the temperature details of the two 
approaches, we presented another diagram. Figure 4a 
shows the temperature distribution along a line, after 85 
seconds. As shown in Figures 3 and 4, the two approaches 
have the same temperature, approximately. 

In addition, it is useful to present temperature at a 
point in the coordination of r = 4 and z = 30 mm by the 
same power and time. As shown in Figure 4b, when the 
first and the second techniques are used, the temperature 
will exceed 90°C. By increasing the temperature, the cells 
of tissue (healthy and cancerous) will be deformed. Cells 
that experience temperatures higher than 60°C for about 
6 seconds will be coagulated and finally will be dead.16

Typically, the area of the tumour, coagulated from laser 
irradiation, is shown in Figure 5 for the two approaches. 
The amount of coagulated cells in the two approaches 
is approximately equal because the temperature 
distribution of these techniques is the same. Figure 5 
shows the distribution of necrosis cells after 85 seconds. 
As we expected, necrosis cell distribution is the same 
for the two ideas. In order to compare the number of 
coagulated cells between the two approaches, the volume 
of necrosis cells is calculated. The volume of cells, which 
are coagulated and necrosis in the porous medium 
through laser irradiation, is presented in Figure 6a, at the 
end of the treatment process. Another parameter that is 
used to indicate the volume of ablated tissue is the degree 
of damage. This parameter indicates the amount of tissue 
that is ablated to the amount of tissue before ablation 
at any point. This parameter, as shown in Figure 6b, is 
computed from the Arrhenius Integral Method. This 
figure presents the degree of damage to a small diameter 

Figure 4. Temperature Distribution (a) at a Line (Small Diameter of Tumour) (b) at a Point (r = 4, z = 30 mm)

Figure 3. Temperature Distribution After 85 s. (a) Porous approach, (b) Bioheat approach
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of the tumor. According to the diagram, cancerous cells 
ablated through a porous medium are equal to those 
ablated through a continuous medium.

Discussion
Nowadays, the ablation of brain tumour is done through 
heating tissue with energy sources. Pennes simulated 
the ablation of living tissues in his special approach. 
The effects of blood perfusion in a continuous medium 
are added to the heat equation in order to simulate 
tumour ablation in this approach. Moreover, instead of 
a continuous medium, a porous medium approach could 
be an option to the replacement of Pennes’ approach. 
In this study, we attempted to compare two approaches 
in tumour ablation. First, the photon distribution was 
computed in the domain by solving the photon transport 
equation. In order to compare the effect of the medium 
type, we solved heat transfer equations in the two 
approaches and then compared temperature distribution 
at a point and on a line, in Figure 4, respectively. Another 
matter for comparing the two approaches is the volume 

of ablated cells by the two methods. 
The number of coagulated cells in the continuous and 

porous mediums is equal. In accordance with the paper, 
6700 mm3 and 6775 mm3 of tumour cells are coagulated 
in the porous medium and in the continuous medium, 
respectively, at the end of the treatment process. The 
degree of damage is another parameter that is used to 
indicate the volume of ablated tissue. This parameter 
indicates the amount of tissue that is ablated in comparison 
with the amount of tissue before ablation at any point. 
As shown in Figure 6, this parameter is computed from 
the Arrhenius integral method. This figure presents an 
average degree of damage to the tumor. According to 
the diagram, cancerous cells ablated through a porous 
medium are equal to those ablated through a continuous 
medium. 

Conclusion 
Assuming the brain and its tumor as a porous medium 
is a way to model brain tumor treatment, instead 
of continuous medium in Pennes method. In these 

Figure 5. Tumour Ablation (a) porous approach (b) bioheat approach

Figure 6. Tumour Ablation (a) volume of ablated cells (b) average degree of damage
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approaches, the temperature increases to about 90°C, a 
safe region, in which the water content of tissue is not 
vaporized and treatment is done in a good and effective 
way. In addition, the volume of cell ablation is about 6500 
mm3 for the two ideas. The degree of damage predicts the 
same in the continuous and porous medium. As shown in 
the figures, the porous approach predicts the temperature, 
the amount of volume of damaged cells, and the degree of 
damage as the continuous approach predicts. Thus, it is 
possible to use the porous approach instead of the Pennes 
approach. 
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